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We consider variational and stability properties of a system of two coupled
nonlinear Schrodinger equations on the star graph I' with the § coupling at the
vertex of I'. The first part is devoted to the proof of an existence of the ground
state as the minimizer of the constrained energy in the cubic case. This result
extends the one obtained recently for the coupled NLS equations on the line.

In the second part, we study stability properties of several families of standing
waves in the case of a general power nonlinearity. In particular, we consider one-
component standing waves e***(®;(x),0) and e*t(0, $2(x)). Moreover, we study
two-component standing waves e’“t(&(z), ®(z)) for the case of power nonlinearity
depending on a unique power parameter p.

To our knowledge, these are the first results on variational and stability
properties of coupled NLS equations on graphs.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

The nonlinear Schrédinger equation with the focusing power nonlinearity and the d coupling on the star

graph I’

iOu(t, x) + Ayu(t, z) + u(t,z)|" > u(t,z) = 0 (1.1)

has been extensively studied during the last decade (see [1,4,6,20,26,42]). Here v € R\ {0}, ¢ > 2, u :

R x I' = CV, and A, is the Laplace operator on L?(I") with the & coupling: for v = (ve)XY

(=4,0)(z) = (—v,

e=1

N
Ly dom(=4,) ={ve HX(I): Y v (0) = —yu1(0)

The well-posedness of (1.1) was established in [3,8,20], whereas the existence and the stability of standing
waves were studied in [2,3,6,7,26].
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Nonlinear PDEs on graphs appear as mathematical models which describe various physical phenomena.
In particular, (1.1) appears as a preferred model in optics of nonlinear Kerr media and dynamics of Bose—
Einstein condensates (see [10,11,25,42]). Graph models arise as an approximation of multidimensional narrow
waveguides when their thickness parameters converge to zero (see [16,18,29,39,46]).

In the first part of this paper we consider two coupled nonlinear Schrédinger equations

idult,z) + Ayu(t, z) + (a u(t, 2)|> + b |u(t, x)|2) u(t,z) =0
iOpo(t, ) + Ayu(t, z) + (b lu(t,z)*> + ¢ |v(t,x)|2) v(t,x) =0 (1.2)
(u(O,x),v(O,x)) = (uo(x)a UO(LE)) )

where v > 0, a,b,c € R, (t,7) € Rx I, u,v : R x I' — C¥. Coupled NLS equations appear in many
physical applications: interaction of waves with different polarizations, description of nonlinear modulations
of two monochromatic waves, interaction of Bloch-wave packets in a periodic system, evolution of two
orthogonal pulse envelopes in birefringent optical fiber, evolution of two surface wave packets in deep water,
the Hartree-Fock theory for a double condensate (for the references see [5,12,28,37,38,47]).

From the physical and the mathematical point of view, an interesting issue is to study the existence
and the stability of standing waves of system (1.2). For the principal results on the existence of solitary
waves for the coupled NLS equations on R and R¢ and their stability/instability properties, the reader
is addressed to [9,15,33-36,41,43,44,48]. A standing wave solution of (1.2) is a solution of the form
(e™1! @y (z),e™2! Py(x)), where wy,ws € R and (Py, P2) solves the following stationary problem

APy + By — (a\¢1\2+b|¢2|2) &) =0
(1.3)
—A,Yég +w2432 - (CI@Q‘Q +b|¢1|2) @2 =0.

It is classical idea to look for the profile of the solitary wave of a Hamiltonian system as a solution of a certain
minimization problem. In Section 2 we study the existence of the profiles (@ (z), $2(z)) being minimizers
of the energy under the fixed mass constraint (depending on the constants a, b, ¢,v). In particular, we find
explicitly the minimizer (e?1 @, (x),e'2 @y(x)), 1,02 € R, where (P, d5) is the solution to the stationary
problem

2
Ay Dy +wdy — 5= 32D =0

— Ay By + wdy — L= Gy 2By = 0,

We managed to adapt the method of [41] (elaborated for the coupled NLS equations on the line) for
the case of the star graph. This method requires that the constants a,b, ¢ satisfy one of the following two
assumptions:

(A1)0 < b < min{a,c} or

(A2)a,c > 0, b > max{a,c}.

The main idea is to use the concentration-compactness principle [31,32] and the technique of symmetric
rearrangements (which is used to prove the absence of runaway case). The concentration-compactness
principle for the star graph was elaborated in [2] and extended in [13] to the case of a general starlike graph.
While the technique of symmetric rearrangements for the star graph has been introduced in [3]. Moreover,
we exploit the existence end the explicit form of the minimizer of the constrained energy for the unique NLS
equation with the ¢ coupling on I' obtained in [2]. The orbital stability of the standing wave associated with
the minimizer follows standardly (see Section 2.3).

Notice that the results by [41] were recently extended in [12] for the generalized power nonlinearity

Fp g, (1, 0) = (alul*™u + bJol” [ul~?u, clo]" v + blul” [v]"0).

2
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It seems much more difficult to extend the technique from [12] for the case of the star graph. In particular,
it is not clear how to prove that the corresponding variational problem is subadditive. The main difficulty

& in Pélya-Szegd inequality (A.29).

is the presence of the term

In the second part of the paper (see Section 3) we deal with the stability properties of the standing
waves for the system of coupled NLS equations on I'. In particular, in Section 3.1 we study one-component
(one-hump) standing waves (e & (x),0) and (0, e™* P9(z)) and the nonlinearity F), , ,(u,v). The profiles

&1 and P, satisfy the following stationary equations
— A D+ wd —a|D|TTEB =0, —A, Py +wdy — | By| T By = 0. (1.4)

The description of solutions to each equation in (1.4) was obtained in [3, Theorem 4]. Namely, solutions
constitute a family of [%] +1 vector-functions (one symmetric and the rest asymmetric). To prove spectral
instability results for the family we use an abstract result from [21] (which permits to estimate the number
of unstable eigenvalues A > 0). For p,q > 3, using C? regularity of the mapping data-solution (associated
with the corresponding Cauchy problem) and applying the abstract result from [24], we have shown orbital
instability for the profiles @1, 5. This abstract result states the nonlinear instability of a fixed point of a
nonlinear mapping having the linearization L of spectral radius r(L) > 1. To apply the approach by [21] we
need to estimate the Morse index of two self-adjoint in L?(I") operators associated with the second derivative
of the action functional. These estimates were obtained in [26, Theorem 3.1].

In Section 3.2 we study two-component (multi-hump) standing waves (e*! ®(z), e ®(x)) in the case of
the one-parametric power nonlinearity

Fy(u,v) = (Jul* ™ u+ o[ [ul""u, [o] %0 + blul [v]"~*0).
It is easily seen that @(x) solves
— AP +wd— (b+ 1)o7 =0. (1.5)

As in the previous case, the solutions form a similar family of [%] + 1 vector-functions (@), &),k =
0,..., [%] Again we use the results by [21,24] mentioned above to prove spectral and orbital instability
results for v > 0,k > 1 and v < 0,k > 0. It is worth noting that in the multi-hump case one of the
main technical difficulties is that the “real” part LT of a self-adjoint operator associated with the second
derivative of the action functional is not diagonal (as it was in the previous case). To overcome this difficulty
we diagonalize the system LEh = )\E, h= (h1, ha) making linear transformation hy = hy+ho, h— = h1—hs.

Separately, we prove the orbital stability result for v > 0,k = 0 (that is, we consider the symmetric profile
@, with decaying on Rt components). We generalize the approach by [34]. The key argument is to use the
analytic perturbation theory to count the number of positive eigenvalues of the Hessian associated with the
action functional at (w,w).

In Section 3.3 we consider F,(u,v) for p = 2,b = 1. In this situation, the system obeys 2D rotation
invariance. Using [23, Stability and Instability Theorem| we prove spectral instability results and orbital
stability result for a standing wave generated by 2D rotation (stability is due to the centralizer subgroup).

1.1. Notation and some useful facts

A star graph I' is constructed by the union of N > 2 infinite half-lines connected at a single vertex v.
Each edge I, e = 1,..., N, can be regarded as R*, and the vertex v is placed at the origin. Given a function
u: I — CN u=(u.),, where u. : R* — C denotes the restriction of u to I.. In particular, the nonlinear

3
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term in (1.2) is defined componentwise:

(a lul> + b \v\g) u= ((a lue|® + b |ve|2> ue) :\;1

(b1 + e of?) v = ((bhuel? + loe ) ve)N .
We denote by u,(0) and u.(0) the limits of u.(z) and v, (x) as  — 0. We say that a function u is continuous
on I if every restriction u. is continuous on I, and u1(0) = --- = ux(0). The space of continuous functions
is denoted by C(I').

The natural Hilbert space associated with the Laplace operator A is L?(I"), which is defined as L?(I") =
@i\le L?(R*). The inner product in L?(I") is given by

N
N N
(uvv)Q - RGZ(uevve)LQ(R+)> U= (ue)ezl U= (ve)ezl :
e=1
Analogously, for 1 < p < oo, we define the space LP(I") as the set of functions on I" whose components
belong to LP(R™), and the norm is defined by

N
Iy = D el 27000 llloe = i o
P
Depending on the context, |||/, will denote the norm in L? either on the graph I" or on the line. The Sobolev

spaces H'(I') and H?(I") are defined as
HYI)={ueC(l): u. € H'R"Y), e=1,....,N}, k=1,2.

The proof of the following proposition is a direct consequence of the Gagliardo—Nirenberg inequality on R*
(see [40, 1.31]).

1_1
Proposition 1.1. Let g € [2,00], 1 < p < gq, and u = %, then there exists C > 0 such that

1—
ull, < Clllly ull,™ (1.6)
for any v € HY(T).

Remark 1.2. Observe that for a compact graph (that is, an abstract graph without infinite edges), a weaker
version of the Gagliardo—Nirenberg inequality holds:

1—
lully < Cllullga lull, ™ (1.7)

We define the space X to be the Cartesian product H'(I') x H'(I') equipped with the norm ||(u, v)||§< =
lull31 + |[v]|31, and X* stands for its dual. The corresponding duality product is denoted by (-, -) x+x x-

Throughout this paper we use C, C,, C, 3 to denote various positive constants whose actual value is not
important and which may vary from line to line. By n(L) we denote the number of negative eigenvalues of
a linear operator L (counting multiplicities).
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2. Variational analysis: The case of the cubic nonlinearity
2.1. Statement of the main result
The energy and the mass functionals associated to (1.2) are defined by

(allulls + cllullz) — blluv]l3

1
B(u,v) = [/l + 1o'I3 = 7 (la Q) + [0 ) ) =

and

Qu) = [lull;, Q) =Ilv]i3. (2.1)

Proposition 2.1. For any (ug,vo) € X there exists a unique mazimal solution (u,v) € C' (R, X)NC (R, X*)
of (1.2) satisfying (u(0,z),v(0,x)) = (ug, vo). Moreover,

E (u(t),v(t)) = E(ug,v0), Qu(t)) =Q(uo), Q(t))=Q(vo) forall teR.

The proof of the local well-posedness follows analogously to [14, Theorem 4.10.1] (see also Section 2 in [3]).
For the proof of the global well-posedness see Remark 3.1.

For given real constants a,b, ¢ satisfying either (Al) or (A2) (see Introduction) and fixed frequency
w > ;\’]—22 we set
2(b

a(w):ﬁ@f\/@—v), B(W)Zﬁ(Nf—y).

2
It is obvious that a(w) and S(w) run the interval (0,00) when w runs the interval (s, 00).
We are interested in ground states of (1.3). By a ground state we mean a minimizer (&1, 2) € X of
the energy E in H'(I') constrained to the manifold of the states with fixed masses Q(®¥1) = a(w) and

Q(P2) = B(w). That is, we study the constrained variational problem
J(e,8) = inf { B(u,0) : w0 € HY(D), Jull} = afw), o]} = Bw)}. (2.2)

In what follows we will use notation «, § instead of a(w), B(w). A minimizing sequence for (2.2) is a sequence
{(tn,vy,)} in X such that Q(u,) = «, Q(v,) = B for all n € N, and lim,, 00 E(tn,vn) = J(a, 3). We denote

the set of nontrivial minimizers by

G0, 8) = {(wv) € X : J(a,8) = E(w,v), [ull} =, [ol}3 = 5} (23)

Below we state the main result of the first part.

Theorem 2.2.  Suppose that the numbers a,b,c satisfy either (A1) or (A2), w > ;\’[—22, v > 0, and
Nyw—~< QW'Y Then the following statements hold.

(i) Any minimizing sequence {(un,vn)} for J(a,pB) is relatively compact in X. That is, there exist a
subsequence {(unk,vnk)} and (91, P2) € X such that {(unk,vnk)} converges to (P1, @) in X. Therefore,
there exists a minimizer for problem (2.2), and hence G(a, B) is non-empty.

(ii) For each minimizing sequence {(un,v,)} we have:

lim inf

1 Un,y Un) — o ,@ =0. 94
n—00 ($1,82)€G(ax,f) I ) = (D1, P2)|x (2.4)
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Remark 2.3. The restriction Ny/w —y < 22 ~ has to be commented.
(¢) The method that we use requires an exmtence of a minimizer for problems (2.15). Due to [2, Theorem
1] the problem

. 1 1
it {5 (I8 =2 O = Flullt) s we (). Jull = m 29)

has a solution for a small mass, i.e. m < m = % (see formula (1.4) in [2]). In problems (2.15) the term

L||ul} from (2.5) has to be substituted by 2

200
e ;37;’6 and %\753 a)c respectlvely. Finally, recalling equalities o = i(zb,;z (Nyw — ),

b= b a) (N Vw—"), and assuming that m coincides either with o or with 8, we obtain that the restriction
_ 2y
m gnm l.S equlvale.nt to Nyw —v < N . ) ' ' ‘
(1) Tt is interesting to compare the interval (3=, 5z (5 +7) ] of existence of solution to (2.2) with the
one given by [13, Theorem 3]. In particular, the theorem states that for w € (Ey, Fy + ) (with sufficiently

||uH4 and b(b_‘ff) lu||3. Then in this case we will have that

m™* coincides with

small 0) the stationary equation
Hb+wd— |07 ¢ =0

has a unique solution. Here H is the Laplace operator with the § coupling and a linear potential on a general
starlike graph, and Ey = —inf o(H).

In [3, Remark 4.1] the authors mention that the restriction m < m* is not optimal, and the interval of
existence of solution to minimization problem (2.5) is bigger. This fact suggests that the solution to (2.2)

2 2 2
exists in some interval (7, 37 4+ 6) D (Fz, 72 (2 +'7)2].

We have managed to obtain the explicit characterization of the set of minimizers G(«, j3).

Theorem 2.4. Suppose that assumptions of Theorem 2.2 hold. Then the set of ground states is given by

/bfc /bfa
Gle ) {( —ac o —ac i >:91’02€R}’

where (Dy 4)e = Quwy, € =1,..., N, with

o () = V2w sech (ﬁx 4 tanh ! (Njﬁ» . (2.6)

Next we give the definition of an orbital stability.

Definition 2.5. The standing wave (u(t,z),v(t,z)) = (e™! @ (z), ™! By(z)) is said to be orbitally stable
in X if for any € > 0 there exists > 0 with the following property: if (ug,vo) € X satisfies

[[(uo, v0) = (@1, @2)[| x <,
then the solution (u(t,x),v(t,z)) of (1.2) with (u(0,-),v(0,-)) = (ug, vo) satisfies

) N (0 i0
iggﬁl&fgﬂ@”(u(t, ), v(t,-)) (6 19, ¢ 2¢2)

| <e

Otherwise, the standing wave (em &y (x), et 952(36)) is said to be orbitally unstable in X.

Using the arguments from [2,3,41], the compactness of the minimizing sequences (see Lemma 2.16 below),
and the uniqueness of the ground state (up to phase) proved in Theorem 2.4, one arrives at the following
result.
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Corollary 2.6. Suppose that assumptions of Theorem 2.2 hold. Then the standing wave solution

. b—c¢ . b—a
1wt wwt
(e V b2 — ac Py € V b2 —ac Q)w’v) ’
where D, -, is defined by (2.6), is orbitally stable in X.

2.2. Ezistence of ground states

In this subsection we prove Theorem 2.2. We have divided the proof into several lemmas and propositions.
Throughout this subsection, we assume that the hypotheses of Theorem 2.2 hold.

Proposition 2.7. For any «, 8 > 0 we have —oo < J(a, 8) < 0

Proof. Firstly, we show J(a, 3) < 0. Let u € H*(I') be such that Hu||§ = « and we take v = \/gu, then
||v||§ = B. Define u,(z) = /ru(rz) and v,.(x) = /rv(rz) for r > 0. Since ||uT||§ = q, Hvr||§ = f, and

||U;~||§ =r? ||U’H§, then we obtain
2 (1112 N2 2 2 T 4 4 2
By o) =2 (113 + 1013) = 77 (s O + [ () ) =  (allulld + clloll3) = rbljuv].

Since v = \/gu, then we have
B 2 2 (b? —ac)(2b—a—c) | 4
Buro) = (14 2) (2 W1 = o @) - r = 5=

B , b2 — ac)(2b—a —
< <1+a> 2 ] — v ;f?f_c)f Dl

By (b — ac)(2b — a — ¢) > 0, we can choose r small enough to ensure that E(u,,v,) < 0, hence J(a, 3) < 0.
Secondly, we prove that J(«,5) > —oo. Using Gagliardo—Nirenberg inequality (1.6), the Cauchy—Schwarz
inequality, and the Young inequality, we have

us (0) < [Jull?, < C 1l llully, < ellu'[13 + Cellull3, (2.7)
1 4 4
zJMIMcm<HMMWM 5 (Il + 11o117) | (2.8)
and
lully = C Il [[ull < & /][5 + Ce [Jull3 (2.9)

for all u € H*(I') and any & > 0. Therefore, by (2.7), (2.8), and (2.9), we have

1
B(u,v) = [/l + 1013 =7 (la ) + [0 ) ) = 5 (alulli + ¢ lvllf) = blluvl3

2 2 4 4
>nw@+wv@fv(mmm\+wum|)fcomm+uwg
1—6GW@+WW@—QOW@+MM+M%+M%)
(=) (W[ + 0'171) — (A =e)a+ ) = Cc (a+ B +a® + 57)
1—e@m@rwwﬁo—cwﬁ>—w-

This ends the proof. [
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Next we introduce the concentration-compactness technique for I'. Let x € I and y € I, e, =1,..., N,
be two points of graph. We define the distance

|x —y| for e=3j
d(z,y) = (2.10)
x+y for e#j,

and the open ball of center x and radius r

B(z,r)={ye Tl : dz,y) <r}.

Let x € I, we set the LP norm restricted to the ball B(z, )

N
C—— wtPay+Y | )P dy. (2.11)
{y€le :Jo—y|<r} i

yel;: z+y<r}
jAe

For each minimizing sequence {(un,v,)} C X of J(a,B) we introduce the following sequence (Lévy
concentration functions) py, : [0,00) — [0, a + 5] by

2 2
pu(r) = sup (un ey + 0aler)) -
zel’

Since {(un,v,)} is a minimizing sequence, then {p,} is a uniformly bounded sequence of nondecreasing
functions on [0, 00). Moreover, it has a subsequence which is still denoted by {p,} that converges pointwise
and uniformly on compact sets to a nonnegative nondecreasing function p(r) : [0,00) — [0, + 5] (see [2,
Lemma 3.2]). Define

m= lim p(r) = lim lim pu(r)= lim lim sup (Nl + ooy ) -
Since ||Un||§ = o and ||vn\|§ = f, it is clear that 7 € [0, + 8]. By concentration-compactness lemma for
star graphs [2, Lemma 3.3], we have three (mutually exclusive) possibilities.
(I) (Compactness) T = a + 8. Then, up to a subsequence, at least one of the two following cases occurs:
(I1)(Convergence) There exists (91, P2) € X such that u, — & and v, — P in LP(I") as n — oo for
all 2 <p < 0.
(I2) (Runaway) There exists j* such that for any e # j*, r > 0, and 2 < p < 00

[(un)elly = 0, [[(vn)ellp = 0, HunHLp(B(OJ‘)) =0, anHLp(B(o,r)) —0

as n — oo.
(II) (Vanishing) T = 0. Then, up to a subsequence, u, — 0 and v, — 0 in LP(I") as n — oo for all
2 <p<oo.
(III) (Dichotomy) 0 < T < ac+ 3.

In what follows we show that case (I7) holds ruling out consequently (I7),(I1I), and (I2). The following
two propositions are used to show that vanishing case does not hold.

Proposition 2.8. Let {(un,v,)} C X be a minimizing sequence for J(a, (). Then there exist constants
A >0 and A > 0 such that

(@) lunll g1 + llonll g1 < A for alln e N;

(i1) |Junlls + [[onlls = A for n large enough.
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Proof. (i) From (2.7)-(2.9), inequality J(«a, ) < 0, and ||u,||3 = «, ||v,||3 = B we obtain
2 2 2 2 1 4 4
lunlfr + on 3 = Enyvn) + (lana ) + [omt (0)/%) + 5 (@ lfunl§ + cllenll})
+ bllunvall3 + o + B < sup Elun, va) + C ([uplly + oy l,) + 0 + B
< C U+ fuallgn + llonll ) -

Since quadratic term |[uy %1 + |[vn]%1 is less than the linear one, the existence of the desired bound A
follows.
To prove (ii), let us assume that such A does not exist, then

timinf (ua; + [on][{) = 0. (2.12)

It follows from Gagliardo—Nirenberg inequality (1.6) (for p =4, ¢ = o0) and (i) that (Jun,1(0)| + |v,1(0)]) <
(HunHZ/3 + ||on ||2/3) Hence, by (2.12), we obtain

tim inf (Ju1 (0)] + 1 0)]) = 0.
It is easily seen that there exists C' > 0 such that
4 4 2 2
0 < B(un,vn) + C (Jlunll{ + [onll§ +¥(1unr O + [0 0)))

then J(a, 8) = limy, 00 E(tp,vy,) > 0 which contradicts J(«, 8) < 0. O

Proposition 2.9. Let u,v € HY(I'), A, X > 0. Assume |[ul ;1 + vl ;0 < A and |[ull; + |[o]; > X, then
there exists B = B(A, \) such that

4 4
sup (Il 1o,y + 1012350, 30)) 2 B-

Proof. Since Hu||3+ o]} = X, then we can choose eg € {1,..., N} and Aeg > 0 such that [Jue, |3+ ]ve, |7 >
Aeo- Let n € I be a natural number and f € LP(I"), then

fn+2 | feo ()P dz for n > 1

”fHLP(B(n )) -
S 1f0 |fe(z)[P dx for mn = 0.

Hence

2 2
laeo 2 + Noeo 2 < D2 { el sty + 1ol 01}
neNg

A? . )
T 3 et (el + I 1)
0 0

= Nteo 12+ Nveg |12 <||u|| 4 iyt ||”||44 nl )
n% lu eoH4+|| Veo |14 L4(B(n.3)) LA(B(n.}))

Therefore, there must exist ng € Ng such that
2 2
1l (5o, 1)) + 1011 (B0, 1)

A2 4 4
< oo UelEecoa g + l3ecotmn 1) -

(2.13)

9
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Now, from inequality (1.7) we have

4 4 :
||UHL4(B(nO,%)) + H’U”L4(B(no,%)) <C (||U||H1(B(n0,%))||UH§ + \|U||H1(B(n0,%))||v||§> (2.14)
9 .
2 2
< C (10l (50 13 + 10120 30m3y 13) < € (Il32 80,8y + 102 308
where C' does not depend on u and v. Then, combining (2.13) and (2.14), we get

g ll5 + llveoll3

2 2
||u’||H1(B(n0%)) + ||U||H1(B(n07%)) Z CAQ
Thus, from (2.13) we obtain
B2 ull7 + ot 0
TCAY — L4(B(ng,3)) LA(B(ng,3)) *

The following lemma rules out the vanishing case.
Lemma 2.10. Let {(up,v,)} be a minimizing sequence for J(«, B), then 7 > 0.

Proof. It follows from Propositions 2.8 and 2.9 that there must exist a sequence {z,,} € RT and B > 0
such that

4 4
lunllza B 1/2)) T 1VnllLa(Ban,1/2) = B

for all n. Hence, using (2.11) and the Sobolev embedding of H'(I") into L>(I"), we get

2 2 2 2
B < unlloo lunllz2(Bn,1/2)) + 1onlls 1ol 22501 /2))

2 2
<4 (”“n”L?(B(xn,l/z)) + ||”n||L2<B(xn,1/2>>) :

where A is from Proposition 2.8. Thus,

. 1 . 1 B
7= lim p(r) 2 p(5) = lim pu(35) 2 775 > 0. O
To exclude the possibility of dichotomy case, we first define
e 2 bP—ac | 4 e 2 b —ac 4
Ey(u) = [Ju'llz = y[us(0)]" = -0 ully,  E2(u) = [[u'll3 = y[ui(0)]" — 0-a) l[ully

and minimization problems:
Ji(a) = inf {By(u): we HYT), |ul} =a},

(2.15)
J2(8) = inf { Ea(u) : we H'(D), |lul} = 8}

The corresponding sets of minimizers for J; and Js are denoted by
1 2
Gi(a) = {ue HI(I) : h(@) = Bi(w), ul} = a},
G2(8) = {u € H\(I) : Do) = Exfw), [ull} = 8}

The following four technical propositions will be used to rule out the possibility of dichotomy of minimizing

sequences.
10
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Proposition 2.11. Let N\Jw — v < 2—7 then the following equalities hold:

o 2704C 2
() 7)== (3 [475] 0% + 5007 447
2

(i) J2(8) = = <;’ [bb_zc)] B+ smay 1P +725>
(i) J(a, B) = Ji(a) + Jo(B).

Proof. (i) Since v > 0, w > Ng, and Nyw —~ < 2, by [2, Theorem 2] (see also Remark 2.3), we have

Gi(a) = {ewl bg%céwﬁ(x) 10 € ]R}

ac

and
i b—a
Go(B) = {e 62 R D, 4(x) 1 by € R},

where, fore =1,..., N, (%), = du,, With

b~ () = V2wsech (\@x + tanh ™! (NY/(;)) )

Therefore, Ji (o) = Ey( ,/ @w.y ) and Jo(8) = Es( ﬁ@wﬁ). Hence

b— ) 1
o) =Ngg— { [ 1@ o= [ lous @l o= 16000

— 2Nbg:ccw [wg /]R+ sech? (x/ojx + tanh™* (NP\)I@>> dx

3

— 20 n tanh ™ (=) ) do — =) + 1 2.1

w/RjLsec <\/c;x+ an (N\@ x N+N3 (2.16)
b— 2 2 2 2 2 3 3
:2]\[276 Y- 2y ao Iy Mg Ty T T
P_ac|ve' Nve Voo Nvel  3va' N2 T N NG

2 b—c 73
S N2 - ).
3b2—ac< Y N2
bS:ZC(N\/o? — ), we get

2 b-c sz
Jl(a)zjng—ac (NW/ N2

=—$ (;lj_fw[(Nf—v)BﬂLIS(V(Nﬁ—W+72(N\f—7))}>

_ 11 b — ac 2a3+b2—ac 02+~
TN\ 3200 20— c) val.
In the same manner we can show (7).

(#i1) Next we prove J(a,8) > Ji(a) + Jo(B). Using the Cauchy—Schwarz inequality and the Young
inequality, we have

b— b— 1 b
< —
Sl bl e < T2 T ol < 5 (G2l + 5= )




L. Cely and N. Goloshchapova Nonlinear Analysis 224 (2022) 113056

Hence
2 2
B(uv) = oI + 11§ = (Jua (0)F + for (0)F)

1 4 4 b/(b—a 4 b—c 4
- 5 (ol + ehol) - 3 (=2 bl + =2 ol
1 /b%—ac b? — ac
=nwﬁ+nuﬁ—v(mumf+hum2)—( = llulli + == vﬁ)

2\ b— a
= E1 ('LL) + EQ(’U).

(2.17)

Taking the infimum on u and v, we obtain J(«a, ) > Ji(a) + Ja(B). On the other hand, observe that

2 2
H,/bgigc 45“"’“2 =« and H, /ﬁ@wﬁ‘t = /3 for any w > 0 fixed. Thus, we have
/| b—c [ b—a
< = =
S )< B < b2 — ac Py b2 — ac (p“w)
b—c b—a
:&<bLM%O+&<bLM%O

= Ji(a) + J2(B) < J(a,B).

Hence we arrive at (i), and the result is proved. O
Proposition 2.12. Let é; € (0,a) and § € (0,5), then
Jl(Oé) < J1(51) + J1(a — 51) and Jg(ﬂ) < J2(52) + Jg(ﬁ — 52)

Proof. We claim that if » > 1 and a > 0, then Ji(na) < nJi(a). To prove this inequality, consider a
minimizing sequence {uy,} for Ji(a), and set w, = /fu, for all n. Then ||ﬂn||§ = na and hence

~ b? — ac
J1(n0) < Bu(itn) =l 3 = ynhen () = 55— llunlly
2.18
= By () — (1 ) o o
= nk1(uy, n nz(b_c) nllg-

On the other hand, repeating the proof of Proposition 2.8, we can show that there exists a constant A > 0
such that ||un||j11 > ) for n large enough. Hence, taking n — oo in (2.18), we obtain

b? — ac

2(b—rc¢)

Without loss of generality, we suppose that d; > o« — d;. Then, by the claim proved above, we have

Ji(a) = Jy (51(1+ O‘gfﬁ) < (1 +2 5151) Ji(61)

—0 1)
< (0 + = (P S(a—61) ) = A6) + Si(a— &),
(51 04—51

Ji(na) < nJi(e) — (n° —n) A <nJy(a).

Also, if 61 = a — 61, then we get
Jl(Oé) = J1(251) < 2J1(51) = J1(51) + Jl(Oé — 51)

The result for Js can be derived in an analogous way. [

12
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The following proposition states strict subadditivity of J.

Proposition 2.13. Let §; € [0, ] and d2 € [0, ] be such that 0 < 61 + 02 < o+ 8. Then
J(a, B) < J(61,02) + J(a — 61, 8 — d2).
Proof. We divide the proof into the following three cases:
Case 1. Let §; € (0,) and 2 € (0, 8). Using Proposition 2.11(4i4) and Proposition 2.12, we obtain
J(a, B) = Ji(a) + J2(B) < Ji(01) + Ji(a — 61) + J2(02) + J2(ov — 62). (2.19)
On the other hand, from (2.17) we get
J1(61) + J2(02) < J(81,02) and  Ji(a—d1) 4+ J2(8 — 62) < J(a — 61,8 — d2). (2.20)
Thus, combining (2.19) and (2.20), we obtain
J(o, B) < J(01,02) + J(a — 01, 8 — 02),

as desired.

Case 2. Assume that 6; = 0 and d2 € (0, 5]. We consider the following variational problem
. c
7(0.89) = inf { /1 Afer O — & ol : v € BYD), [oll3 =32} (221)

For ¢ > 0 the minimizer of (2.21) is given by ®2(x) = (éf)z(fﬂ))ivzl, where

ba(z) = \/?sech <\/072x + tanh ™! <N\7/@> )

2
and wy = (%) (see formulas (5.4) and (5.1) in [2]). Therefore,

1

C C2 C
J(0,85) = N[5 — v |62(0)* — N§||<Z52||Zl =Nz (1253 + 5755 + 7252) :

Now, from Proposition 2.11(#), we have

1 (1[b—ac 23 b2 —ac 9
J2(02) = N2 <3 {2(b — a)} 05 + 2—a) Q)WSQ +7702 | .
Hence J(0,d2) > J2(62). Then

J(Oé,ﬂ) = Jl(Oé) + Jz(ﬂ) S Jl(Ol) + JQ((;Q) + JQ(B — 52) < J(O,(sg) + J(Oé,ﬂ — (52)

Case 3. Assume that 6; € (0,a] and d; = 0. Analogously to Case 2, we consider the following variational

problem u
J(51,0) = it {13 = 7lua (0)° = 5 ull} < w e B (D), Jull} =61}

Since a > 0, the minimizer of (2.21) is given by &;(x) = (¢1 (a:))évzl, where

o1 (z) = ﬁsech (\/chx 4 tanh™? (Nj/a) > ,

13
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2
where w; = (aééij\}%) . Therefore,

TG00 = - (T s 9.22
(61,0) = e 121+2”Y1+’Y1- (2.22)

Now, from Proposition 2.11(z) we have
1 (1[0 —ac 23 b —ac o 9
Ji(01) = N2 <3 [2(&)6)} oy + = 6)751 +7%01 | .
Hence from (2.22) we get that J(61,0) > J1(d1). Then
J(a,B) = Ji(a) + J2(B) < J1(01) + Ji(aw = 61) + J2(B) < J(01,0) + J(a = 61, 8). O

We introduce two sequences {(fn,gn)} and {(hn,!,)} associated with an arbitrary minimizing sequence
{(tun,vy)} in the following way.

Let 0,k € C§°(R*). We assume that o is supported on [0,2], c =1 on [0,1] and 6% + k2 = 1 on R*. Set
or(r) = 0(%) and k,(x) = (%) for r > 0. Let € > 0, for sufficiently large r we have 7—¢ < p(r) < p(2r) < 7.
We can choose N large enough so that

T—e<pu(r)<pp(2r)<7T+e

for all n > N. Consequently, for each n > N we can find z,, € I" such that

(||un||i2 B(xn,r +||'UnHi2 B(zn,r ) >T—E,
(B(zn,r)) (B(zn,r)) (2.23)

2 2
(Hun||L2(B($nv27")) + HU"||L2(B(£'/L727'))> <Tte.

Let € I', d(z,x,) denotes the distance between = and z,, given by (2.10). Define (fn,g,) and (hy,1,)
such that f, .(z) = o.(d(z, zp))un.(z), gnﬁe(x) = op(d(x,x0))Un.e(T), hne(x) = kp(d(x,2n))Une(x) and
lne(x) = kr(d(z,zpn))vn,e(z) for e = 1,...,N. Observe that Q(f,) > HunHLg(B (o)) 20d Qlgn) =
||’Un||iz( (#n,r))- Since o < 1 and suppo, C {x e I :d(z,z,) < 2r}, we have Q(f,) < ||un||L2 (B(an,21))
and Q(gn) < ||'Un||L2(B (zn,21))"

Observe that o — ||un||iz(3(xn’2r)) < Q(hy,) and g — ||Un||i2 (B(zn,2r))

< QU ) Since k < 1 and
{z €I :d(x,z,) > 2r} C supp k,, we have Q(hy) < a — HunHLz(B(xn,r)) and Q(l,,) <

= lnllZ2(B(anm)-

Proposition 2.14. Let {(un,v,)} be a minimizing sequence for (2.2) and sequences {(fn,gn)}, {(hn,1n)}
be defined above. Then for every e > 0 there exists N > 0 such that forn > N:

(1) 1Q(fn) + Q(gn) — 7| <&,

(i0) |Q(hn) + QUUn) — (a+ f —7)| <e,

(791) E(fn, gn) + E(hn,ln) < E(up,vy) + Ce for some C > 0 independent of n.

Proof. The proof of (i), (ii) is a direct consequence of (2.23). To prove (iii) notice that for 1 < e
B(fgn) = [ o (007 + @02 = § ol = 5 fual® =l o] o
— vorlan)l® (Jun O + o O)F) + [ (03 =0 [§ lunl' + 5 onl" + bl onf”] o
+ /F(a;)2 {|un\2 + [vn|? + 20" 0, (Ul un + v;vn)} dx
< [ o [ + @) = Glual’ = § unl* = blua o] do

= ylor@n)? (luna O + fon1 (0)7) + Ce.

14
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Indeed, observe that |o7.| = |o’| . /r < Ce (since 1/r < £). Under the integral o, has to be read as (o,)X;.
Moreover, introducing
1ifr <d(z,z,) < 2r
(X(B@n2\Ban.), () = .
0 otherwise,

and using (2.23), we get

N
4 2
/F (07 = o) Jun|* do < [lunl|2, ) /I (X(B(an2r\Bn.r)), (@) [tn ()] dz < Ce,
e=1 €
and

/ (02 — o) [un|? [vn) dz
r

N
2
< ”un”go Z/I (X(B(xn,Qr)\B(wn,r)))e () |'Une(x)| dx < Ck,
e=1 e
where C' denotes constant independent of r and n. Similarly, we obtain

Bl 1) < [ 02 [0+ 002 = § unl* = § ] = Blual? o] o
r

= 1 @a) (Juna (O + [on1 (0)[) + Ce.
Thus, since 02 + k? =1 on RY, we get (iii). 0

Below we rule out the dichotomy of the minimizing sequences.

Lemma 2.15. Let {(un,v,)} be a minimizing sequence for J(a, ). Then the case of dichotomy cannot
occur.

Proof. Assume that 7 € (0, + ). Let {(fn,9n)} and {(hn,1,)} be the sequences from Proposition 2.14,
then, up to subsequences (using the fact that minimizing sequence is L?-bounded), we have

1 1 1 1
Q(fn) =+ 01] < o |QUgn) = B+ 02] < oy 1Q(hn) =01 < ooy [QUn) = 02] < o

1
E(fnagn) + E(hn7ln) < E(Unavn) + Ea

where 1 € [0,a] and 65 € [0, 8] and, by Proposition 2.14, 7 = a4+  — (61 + d2). For §; > 0,62 > 0, — 1 >
0,8 — d2 > 0 we define

04—51 a _ B—52 b _ 51 b _ 52
Qf)” "V Q) TV Q)T T\ QU

A1n =

Thus, we have

A1n, A2n, blna b2n — 13
n—oo
Q(alnfn) =a — 0, Q(aQn.‘]n) =B — 0o, Q(blnhn) =01, Q(b2nln) = 2.
Consequently

J(a — 61,8~ 52) < E(alnfn7a2ngn) < E(fnvgn) + 0(]—)7
J(51; 52) S E(blnhna anln) S E(hn7 ln) + 0(1)
15

(2.24)
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By Proposition 2.14(i4i) and (2.24), we get
J(aw = 01,8 = 62) + J(01,02) < E(un,v,) + o(1),

which implies
J(OL - 51,ﬂ - 52) + J(51,52) S J(O[,ﬂ)

This contradicts Proposition 2.13.
Now assume that one of the numbers d1, d2, a— 1, 5 — o is zero. Without loss of generality, we can assume
01 = 0, then Q(h,) — 0 and d2 > 0 due to 7 < a + 8. Therefore, by the Gagliardo-Nirenberg inequality,

2 2 c 4
Bl ) +01) 2 (I3 + 10,13 = 711t ) = 5 1) +o(1)
2 2 € 4
> (1015 =7 111 0)F = 5 1al1) +0(1) = J(0,62) + 0(1).
Combining this inequality with the first one from (2.24), we arrive at the contradiction again. O

Since we eliminated the vanishing and the dichotomy cases, it follows from the concentration-compactness
lemma [2] that 7 = « + 8, that is, we have compactness case. It only remains to prove that the minimizing
sequence is not runaway.

Lemma 2.16. Let {(un,v,)} be a minimizing sequence for J(c, 8). Then, up to subsequence, it converges
in X to some (1, P2), which is a minimizer for J(«, ), that is, H(blH; = q, ||<Z52||§ = f, and E($1, §2) =
I (e, B).

Proof. Set
2 2 1 4
Eo(u,v) = [l'lly + 10"l = 5 (a [[ully + Cl\vlli) = bfluvlf3,
Jo(a, B) = inf { Bo(u,0) : w,v € H(D), lul} = a, Joll3 =8}

By absurd, suppose that {(un,v,)} is the runaway sequence. Then from Proposition 2.8(¢) and the
Gagliardo—Nirenberg inequality, we have that |u, .(0)] — 0 and |v,,(0)| — 0, for e # 7* (5* is from definition
(I2) of runaway sequence) which implies that lim, oo (E(tn,vn) — Eo(tn, v,)) = 0. Hence,

JO(avﬁ) S J(Oé,ﬁ) (225)

Take u,v € H'(I') such that ||u\|§ = o and ||v||§ = B, and let u*,v* € H(I') be their symmetric
rearrangements. Then, by Proposition A.17 in the Appendix, we obtain ||u*||§ = q, Hv*||§ = [, and
Eo(u,v) > Ef(u*,v*), where

k/ ox ok 4 * 2 * 2 1 * (14 14 * ok
By (', v") = 5 (@Y 15+ 10Y15) = 5 (allwlls + e llo*)15) = bllutve 3

Since rearrangements maintain the mass constraint, the last inequality implies

Jo(a, B) > inf {Eg<u,u) cuv € HYD), Jlul)? = o, |v]? = B} , (2.26)
where HY(I') = {u € HY(I') : u1(z) = -+ = un(x),x > 0}. It is easily seen that right-hand side of (2.26)
reduces to N copies of the following problem on R
. « . 1+ 2« 2 _ B
int { Bp. (0,0) : 0,0 € HU®Y), 13 =, ol = 2},

16
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where 4 1

i (,0) = 7 (W15 + 1915) — 5 (allllz + ellell) — bllvells.
Set for A > 0 the rescaling ¢ (x) = VAy(Az) and ¢y (2) = vV Ap(Az), then

_A
2

. A2
Bz (non) = 75 (WIE+114'13) = 5 (allvlla + ellglls) — bAllwll.

Choosing \ = NTQ, we get

N3
JO(avﬂ) Z 4 le-‘rv
where 5
. (0%
dR+ = inf {ER+ ('(/)7%0) : wﬂp € Hl(R+)a ||'(/J||§ = N7 H@H% = N} ) (227)

1
Bt (¥,0) = W15 + 19113 — 5 (all ¥l + cllell2) do — bllve]l3.

By [41, Theorem 2.1], the solution to minimization problem (2.27) on R™ is
(Y, pa) = (\/bg—c b, \/bg:zc%,), where ¢g(z) = V2@ sech(vV@z) and @ is such that [15]|3 = & and

—ac

l¢s]3 = £. Then we get

N3 2 (N3 20— a—c
> o) = 232 2
Joe, B) 2 == Egt (Yo, 00) = —3 < ¢ > E— (2.28)

By formula (3.3) in [41], we have & = 2V& b:fw. Recalling that o = 2:2=<(N/w — v), we obtain

c
b2 b2 —ac
Nv& = Ny/w —~. Then from (2.28) we get
2 (N2 _ 2b—a—c
nien)z -2 (Ba (vye—n)) Bt

3 b2 — ac

By Proposition 2.11(4#4) and formula (2.16), we conclude

2 3\ 26 —a —
J(@,8) = —3 (Nw?’/Q - 7) Hoa—c

b2 — ac

=2 (o (B +r (0= 1)) Broe

b2 — ac

(2.29)

w

Since NvV& = (Nyw —7) < %7, then NTQGJ < X]—Z < w. Hence, by (2.28) and (2.29), we deduce that
Jo(a, B) > J(a, f) which contradicts (2.25). Therefore, {(un,vy)} is not runaway, and it converges, up to
subsequence, to (®;, &) in LP(I") x LP(I") for p > 2 and weakly in H(I") x H(I'). In particular, Q(&;) = «
and Q(®,) = B3, and, by the weak lower semicontinuity of the H! norm, we have

E(dsla ¢2) S lim E(unyvn) = ‘](aaﬂ)7

n—oo

whence E(®1, ¢2) = J(a,f) and (D1, P2) € G(a, B). Using E(Py, P2) = limy oo F(tn,vs) and |u, —
D1, = 0, ||Jvn, — P2, = 0, p > 2, and the weak convergence, we conclude

120, ®2)llx = Tim [ (v x.
Indeed, it is sufficient to observe that
1
(s vn) 15 = E(tn,va) + 5 (allunlls + blloalls) + bllwnvalls + (w1 (0)]* + |oa1 (0)).

Finally, since X is the Hilbert space, we conclude that (un,v,) = (91, P2) in X. O

17
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Remark 2.17. In [41] the authors consider minimizing problem on the line

dr = inf{Eg : (¢, ) € H'(R), |[¥[l3 = & |loll3 = B},

where Br = Eg+, and & = 4Vo =%, f = 4V/0;=% . Assuming & = 22,3 = 20 recalling that
dR = E]R (\/ bé}:c ¢L:H bs:a

ac ac
line, we get dr = 2dp+.

qb;u), and taking into account the fact that (bw(x) is an even function on the

Proof of Theorem 2.2. (i) The statement follows immediately from Lemma 2.16.
(ii) We argue by a contradiction. Suppose that (2.4) is false. Then, there exist £ > 0 and a subsequence
{(un,,,vn,)} such that

inf e Un ) — (81, Bo)||, > f keN.
(01,013 i i) = (P, @) 2 & for any

But {(un, ,vn,)} is also a minimizing sequence for J(a, ), hence there exists (&1, 3) € G(a, B) such that
likrgg;f [ (s vny) = (@1, ¢2)HX =0,

which gives a contradiction. [J

2.8. Orbital stability of ground states

This subsection is devoted to the proof of Theorem 2.4 and Corollary 2.6. First, as an easy consequence
of Theorem 2.2, we conclude that the set of minimizers G(a, 3) is stable under the flow generated by system
(1.2).

Corollary 2.18. Lete > 0. Then there exists n > 0 with the following property: if (ug,vo) € X satisfies

inf Uo, Vo) — @7¢ <n,
(451,452)eg(a,5)||(0 0) = (D1, P2)[lx <7

then the solution (u(t,z),v(t,z)) of (1.2) with (u(0,x),v(0,z)) = (ug,v) satisfies

n u(t,-),v(t,-)) — (21, @ <e forall t >0.
0,085 1@E )00 ) = (1, Ba)xc <

Proof. By contradiction, we assume that the assertion is false. Then there exist € > 0 and two sequences
{(un(0,2),v,(0,2))} C X and {t,,} C R such that

i 1
(¢’17‘1521§16f9(a,,8) H(un(oyx)ﬂvn(oa‘r)) — (@1, ¢2)HX < ﬁ (230)

and

(21, 952)€Q a,B) [(un(tns ) vnltns ) = (@1, @)y 2 € for any n €N, (2.31)

where (uy,(t, ), v,(t,2)) is the solution of (1.2) with the initial data (u, (0, ), v,(0,2)). By (2.30) we have
that (un(0,2),v,(0,z)) converges to an element (¥, @) € G(a, §) in X-norm. Since Q(¥) = «, Q(O) = 3,
and E(¥,0) = J(«, 8), by the conservation laws, we have

Qun(tn, ") = Qun(0,2)) = o, Qun(tn,")) = Qun(0,2)) = B,

E (un(tn, ), vn(tn, ) = E(un(0,2),v,(0,2)) — J(«, 8)

18
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as n — 0o. Let {a,} and {b,} be such that
Qanun(0,2)) = aiQ(un(O’w)) =a and Q(byvn(0,7)) = bELQ(vTL(O’x)) =B, n € N.

Set Up(x) = anun(tn,x) and Up(z) = byvp(tn, ). It is clear that Q(u,) = « and Q(v,) = S, and
since an,b, — 1, we have lim, o0 E (Un,vn) = J(a,B). Hence {(un,0,)} is a minimizing sequence
for J(a, ). Thus, by Theorem 2.2(ii), for n large enough, there exists (¥,, ©,) € G(a,) such that
|(Wns Un) = (¥n, On)llx < §. Since

[(un (<), vn(tns ) = (Pns On)ll x

< N(un(tn, ), va(tn, ) = (@n, Un) |l x + [ (n, 0n) = (¥n, On)llx

then, by (2.31), and |[(un(tn, ), Un(tn,-)) = (Un, Un)|lx — 0, we get
n—oo
€ <limy o0 [[(Un(tn, ), Un(tn, ) — (¥n, On)| x < §, which is a contradiction. [

Proof of Theorem 2.4. Firstly, by Proposition 2.11, for any fixed w > ;\’,—22 and 01,602 € R

i0, b_c 0 b—a
(w VAL e \/;%(-)) € G(a.p).

Using Proposition 2.11 again (see also (2.17)), for any (&1, $2) € G(a, §) we have
J(a, B) = E(®1, $2) > E1(P1) + Ea(P2) > Ji(a) + J2(B) = J (e, B).

Therefore,
b% — ac

2(b—a)

b? — ac
2(b—c¢)

2

b—a 2 b—c 2
1/ D" — 4/ [ dr = 0.
/p< b—c‘1| b—a|2|> z=0

<2a>1/4|¢1(:c)| (2’_;)1/4@2(1:”. (2.32)

a 4 C 4 2 2 4 4
SIeli+ 512l +b [ |00 18P do = S ] + T

which implies that

Thus,

Cc

Secondly, notice that for (@1, §2) € G(«, B) there exist Lagrange multipliers wy,ws € R such that (&, P2)

is a solution of ) )
7A7@1+W1¢1:0,|¢1‘ @1+b|@2| 451

— Ay By 4wy By = b| B, By + ¢| By By

in a weak sense. Moreover, using (2.32), we simplify the system

2 2
—A @14—&)1@1:1)_(16‘@1‘ @1
! b-e (2.33)

2
—A7¢2 +w2€152 = % |¢2|2 @2.

Following the arguments from the proofs of [17, Lemmas 25 and 26], we can show that the only pair of
L?-solution to (2.33) is given by

i 2w1(b—¢) i 2wa(b —a)

where 601,60, € R. From (2.32) we get

w1

2, =,/ 2a,
@) = |2 110

19




L. Cely and N. Goloshchapova Nonlinear Analysis 224 (2022) 113056

Finally, since

b— b—

(N\f*v) 2]l =B =25—— (N\F ),

|21)3 =0 = 25— =

b2
and using (2.32), it follows that w; = we = w. This completes the proof. O

To end this section notice that Corollary 2.6 follows from Corollary 2.18 and Theorem 2.4.

3. Orbital stability of standing waves: Case of generalized nonlinearity

In this section we study orbital stability of standing waves of the general system
iOvu(t, ) + Ayult,a) + (alult, ) + bloft, o) Plu(t,2) ) ult, ) = 0
iO(t,x) + Ayu(t,z) + <c|v(t, )"+ blu(t, 2P|t x)|p*2) o(t,z) =0 (3.1)
(u(0,2),v(0,2)) = (uo(x), vo(x)) -

We assume that a,b,c € R and 2 < ¢,r,2p. The system is locally well posed (the proof follows analogously
to [14, Theorem 4.10.1], see also [3, Section 2]). In particular, the conserved energy is given by

B(u,v) = [/ I3+ 013 =5 (Jur ) + o1 (0)*) = G(u v), (3.2)

where

2a
G(u,v)=FIIUHZ *II I+ *Iluvllp

Remark 3.1. Notice that for ¢, 7, 2p < 6 the global well-posedness holds. Due to the conservation of masses
(2.1) and energy, we have

1w, 0) 1% = B(u,v) + (IM(O)I2 + \vl(O)IQ) +G(u,0) + [Jul3 + lv]12

(3.3)
= (o, v0) Ik = (Juor (0)F + leor (0)) = Gluto, vo) + 7 (Jur O)F + 01 (0)[*) + G, ).
Observe that
0 52,20 0
Glu.v) < Cill I el ™ + Callo 7 ol + =l ol
q=2 q+2 +2 b
<Gl 1™ Nl ™+ Call 7 ol + 2 (Il + o13) (3.4)

9 9 2(6q+2) 2(r+2) 2(2p3—2) 2(62;;;.2)
! ! — “6—1r —
< (W3 + W12 + Ca(e) (|u||2 T ol b+ ol )

The above estimate is induced by Gagliardo—Nirenberg inequality (1.6) and the Young inequality fg <
eft + ngl/,% + % =1,1,I' > 1, f,g > 0. Observe that the key point is that | = ﬁ >1for2<g<6
(analogously for r and 2p). From (2.7), (3.3), and (3.4) we get

1
)l < == { (0, v0) I — Glato, v0) + Cllluoli3, o)

i.e. the norm ||(u,v)||% is controlled by the constant independent on time. Finally, repeating the proof of [14,
Theorem 3.4.1] (starting from formula (3.4.2)), we obtain the global existence.
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3.1. Stability of one component standing waves

We consider the standing waves of the simplest form (e ®;,0) and (0, e®* @,). Throughout this section,
we assume additionally p > 2. Observe that (&1,0), (0, &3) are critical points of the functional

Su(u,0) = 5 {B () +w(luld + 01D}

that is, they satisfy Eq. (1.4). The description of the solutions to the first equation in (1.4) was given in [3,
Theorem 4] (to obtain description of solutions to the second equation we need to replace ¢ by r, and a by

c):

Theorem 3.2. Let [s] denote the integer part of s € R,y # 0, and a > 0. Then first equation in (1.4)
N

has [%} + 1 (up to permutations of the edges of I' and rotation) vector solutions &, = (cpZJ) - k=
J:
0,..., [%] , which are given by

1
ka,j(x): _1_
[%sech2 (W‘ﬁ‘Fak)} o , j=k+1,...,N,

ﬂ

2
where a;, = tanh ! (’y) , and w > i

(N —2k)\/w (N —2k)2°
Below we deal with two types of instability: orbital and spectral. General definition of the orbital stability
for a Hamiltonian system invariant under the action of some Lie group can be found in [23, Section 2]. The
definition of the spectral instability involves a linearization of (3.1) around the profile of the standing wave.
After making necessary technical steps we give precise Definition 3.3.
First, we linearize system (3.1) around (&, 0). We observe that system (3.1) can be written in the form

d u 1 , _ —i 0
dt<v>_2jE[uvv}, j(() —7,>,

(u(t), v(t)) = €™ {(@],0) + (ha(t), ha(1))} -

and put

Since S/, (9,,0) = 0, we get

A gsrano (™) 40 (1 m)2)
pr h2 w k> h2 ’ X)»
where
S1
S2(41,0) -
0 S

— A hy +why —b(9)) by, p=2
Sahy = .
—A,yhz + wha, p > 2.

) , Sihy = —ALhy +why —a () hy — alq —2) (8])" 7 Re(hy),

Here —A, : HY(I') — (Hl(F))* is the unique bounded operator associated with the bounded on H*(I")

bilinear form t., (u1,u2) = (u},ub), —yRe (Ull(O)U21(0)>. By the Representation Theorem [27, Chapter VI,
Theorem 2.1], we can associate with the bilinear form

bv((hh h2)’ (217 ZQ)) = <Sg (45;37 O) (h1, h2)’ (Zl’ ZQ)>x* x X

21



L. Cely and N. Goloshchapova Nonlinear Analysis 224 (2022) 113056

self-adjoint in L2(I") x L?(I") (with the real scalar product) operator
Ly 0 1 q—2 q—2
L: O L y Llhl = 7h1 +wh1 7(1(@’:) hl 7&((]72)(@2) Re(hl),
2
—1 + why — b(8))* ha, p=2
Lohy = { 2 2 (2)" ha, p

, dom(L;) = dom(Ls) = dom(A,).
R+ wha, p> 2. ' ? "

Putting h; = b 4+ ih}, j = 1,2, and identifying L& (I") with L§(I") @ Lg(I"), we conclude

0 Iz 00 L" 0 0 0
Iz 00 0 0 LI 0 o0
JL — ) (3.5)
0 0 0 Ip 0 0 LE o
0 0 —Ip 0 0 0 0 Lj
that is,
J 0 Ly O
JL = ;
0 J 0 L,
0 I
where J = R ] and
—I;» 0
R
d? d?

L{ = g tw-ale- (o)) 2, Li= R a(9))?2,
LY} =L =Ly, dom(L})=dom(L})=dom(4,), j=1,2.
Definition 3.3. The standing wave e™“!(®], 0) is said to be spectrally unstable if there exist A with Re A > 0
and i = (hy, hy) € dom (Ay) x dom(A,) such that
JLh = Ah.

The notion of spectral instability is particularly important since frequently its presence leads to nonlinear
instability.

Remark 3.4. (i) In a view of (3.5) the above definition can be rewritten as

o) )00

(#4) Notice that spectral instability implies that (0,0) is unstable solution to the linearized equation
d [ ult) u(t)
— =JS! (9,0
dt ( v<t>> I

Below we list spectral properties of the operators Lit, L{ proved in [3, Proposition 6.1] and [26, Theorem

31]:let k=0,..., [%], then
a) ker(L!) = span{®] } and ker(L{) = {0};

in the sense of Lyapunov.
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kE+1 if ~>0,
N—-Ek if <0
c) UeSS(L{%) = UeSS(L{) = [w, o0).

We use these properties to show the principal result of this subsection.

b) L{ > 0 and n (Lf) =

Theorem 3.5. Leta >0, ¢ > 2, and ®] be defined in Theorem 3.2.

(i) Assume p > 2. If either v > 0,k > 1 ory < 0,k > 0, then e“'(®],0) is spectrally unstable. If
additionally p,q > 3, then we have orbital instability.

(ii) Assume p > 2. If v > 0,k =0, then e™“'(&],0) is orbitally stable for 2 < q < 6. Moreover, for ¢ > 6
there exists wi > 2 such that ¢**(®],0) is orbitally stable as w € (3, w1), while it is orbitally unstable as

w > wi.

Proof. (i) From [21, Theorem 1.2] one concludes that the operator JL; has a positive eigenvalue for
v>0,k>1,and v < 0,k > 0. Indeed, JL1@W = AW, W = (wy,ws), is equivalent to

0 L{ w1 w1
(o)) ()

Liwy = \w
or { 12 ' Since ran(L{) L ker(L{), we get w; € ker(L)*. Hence

L{?'wl = 7A’UJ2
wy = MLH 7wy,  Lftw, + XL lw, = 0.

Consider the problem
PLEw, + N2 P(LDH) ™ w; =0,
where P is the orthogonal projection onto

ker(Li)" = {(v1,v2) € L*(I') x L*(I') : ((v1,v2), (87,0)), = 0}

(here we assume that L?(I") is endowed with the usual complex inner product). The projection P serves
to fit the problem into the Hilbert space ker(L{)*. [21, Theorem 1.2] states that the number I(L%, L) of
positive A satisfying (3.6) is estimated by

n(PLY) = n(P(Ly)~") < I(L{, L) (3.7)
Using spectral properties a), b) mentioned before the theorem, formula (3.7) yields

k, >0,

(Lt Ll >
(L1 1)—{ N—k—1, ~<0.

By (3.5), there exists A > 0 satisfying Definition 3.3 under the assumptions in (i), that is, (@],0) is
spectrally unstable. Using the fact that the nonlinearity

Fyq.r(u,0) = (alul " u + blof jul"~*u, c|o| v + blul”[v]"~*v)

is of C? class for p,q > 3, we conclude that mapping data-solution associated to (3.1) is of class C? (for
instance, see [19, Step 4 of proof of Proposition 2.1]). Finally, to imply the orbital instability from the spectral
one, the approach by [24] (see Theorem 2 and [19, Theorem 5.8, Corollary 5.9]) can be used.
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(i) By Ly > w, we deduce n(L) = n(Ly) = 1. Observe that S”(&],0) satisfies [45, Condition (G)].
Indeed, for ¥ = (vi,v2) € X

(SL3.0)7. ) xx = [ {WAF + 103 + o (foa* + eaP”) o
[ {at @2 + ala — 2(@9)7 2 Revn) o = 5 (jon O)F + o O)F)
r

S 29%N
> min{ 5w}l — (0~ Vb2 + 21 )

where M = || ®{ || and we have used

2 2 1 2 292
~(Jor1 O + [v21(0) )+§/F{|v1| + Jupl* b > — L1713,

Let R : X — X* be the Riesz isomorphism. Thus, from [45, Lemma 5.4] we conclude gess(R™1S/($y,0)) =
Oess(L) = [w, 00), ker(R™1S/(&,0)) = ker(L) = span{i(&],0)}, and n(R~1S5/(&7,0)) =n(L) = 1.

Denote d”(w) = 82 (S, (®],0)). By [6, Propogition 3.19-(4)], we get d”’(w) > 0 for 2 < ¢ < 6, and for ¢ > 6
there exists wy such that d’(w) > 0 as w € (¥5,w1), and d”(w) < 0 as w > wy. Finally, the result follows
applying [22, Theorem 3]. O

N2’

Remark 3.6. (i) Observe that for p = 2, = 4,7 > 0,k = 0, and b < a we have Ly > LI, then
o(Ls) = [w,00). Therefore, n(R™1S"(#7,0)) = 1. As in the proof of item (ii), we have d”(w) > 0, then
the orbital stability of e**(&;,0) holds.

(i) All the above results on the stability /instability of (®;',0) can be repeated for the profile (0, $;) =
(0, #}) with g replaced by r and a replaced by c.

3.2. Stability of two component standing waves

In this subsection we study stability properties of the standing waves of system (3.1) of the form
(et P(x), et (x)) in the case ¢ =r =2p —2,a =c = 1:

idhu(t, @) + Ayt 2) + (Jult,2) 7 + blo(t, ) u(t, 2) P~ ) u(t,z) = 0
(3.8)
idw(t, x) + Ay(t, z) + (|v(t, )72 + blu(t, ) [P|o(t, x)|1’—2) v(t,z) = 0.

It is easily seen that @(z) solves

— AP+ wd— (b+1)9%7 1 =0. (3.9)

The description of solutions to (3.9) is given by Theorem 3.2 (one just needs to substitute ¢ by 2p and a by

N
b+ 1). Namely, for b > —1 we have [N 1] + 1 solutions @] = (gokj) ,k=0,..., [%], of the form

[(bﬂ) sech” ((p— 1)ywz —ak)rp%? , J=1, 0k

1
[(bpﬁ) sech2<(p —1)ywz + ak)} 2 i=k+1,...,N, (3.10)

2
_ Y g
here ay =tanh™* (| ————— ), and w > —————.
e e ((N—zkw) T N =2y
The main results of this subsection are the following two theorems. The first one deals with arbitrary & and
the second one contains stability results for the particular case of symmetric tail-profile (@, @ ).
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Theorem 3.7. Letp > 2,b> —1, and (9], §}) be defined by (3.10). If y > 0,k > 2 ory < 0,N —k > 3,
then the standing wave e™*( P}, &) is spectrally unstable. Moreover, for p > 3 the orbital instability holds.
If additionally 0 < b < p — 1, then the above assertions hold for v < 0,k >0 and v > 0,k = 1.

Theorem 3.8. Lety > 0,k =0, then for2 <p <3 and 0 < b # p— 1 the standing wave e (], &) is
orbitally stable, while for p > 3 and b > p — 1 the standing wave e"**( &y, &) is orbitally unstable.

As in the previous case, we linearize (3.8) at (@], /). Notice that the profile (@1(z), ®2(x)) of the
standing wave (e™1t@;(z), e™2! ®,(x)) is the critical point of the action functional given by

1
S o (v) = 5 {E(w,0) +wn|ul3 + wa[v]l3}

where E is defined by (3.2). We obtain for i = (hy, hy) € X

~ =

o S1h L I
%Mwﬁébh=<§}>,&h:um—wmm%*Rdm»&hzh@—@@m%”Rdm»
2

b= Ayt (w= (1 +0)(@)*72) = (20— 2+ b(p — 2))(8])* ) Re().
Analogously to the previous case, we associate with the bilinear form

(S0 (D), @) (R, ha) , (21, 22)) o, the self-adjoint in L?(I") x L*(I") operator L. Putting hj = hf +
ih§,j = 1,2, we obtain

- U . - LI 0 N d2
L= L% +iL"h", H=< ' >7ﬂ=—+w—a+m@mwﬂ

0 I T da?
3.11
in_ fd% +w—(2p—14b(p—1))(P])%r2 —bp(®])*P~2 (3.11)
—bp( @7 )22 - (2p—1+bp—1))()%2 )
where dom(L') = dom(L*) = dom(A,) x dom(A,). It is easily seen that
. 0 Ir2x12 L% 0 0o L!
JL +— -] = - . (3.12)
Iz 0 0o L —L® 0

Remark 3.9. The definition of the spectral instability is analogous to Definition 3.3. One just needs to
substitute L by L. By (3.12), it means the existence of A with Re A > 0 and (hy, hs) € dom(A.,) x dom(A.,)

such that .
0 L1 hi hy
. =\ .
—L® 0 ha ho

Below we list some properties of the operators L! and L% (see [3, Proposition 6.1]):
a) ker(L!) = span{(#},0), (0, o)) };
b) L' > 0;
€) Oess(L1) = Ooss(LT) = [w, 00).
25



L. Cely and N. Goloshchapova Nonlinear Analysis 224 (2022) 113056

Remark 3.10. The property oess(L) = [w,00) follows from the representation
2
sn_ [ e te— @ 1abp - D)) 0
2
0 — e tw— (2p—14b(p— 1)) ()2

0 —bp(@;)2p72
+
—bp( ;] )?P~* 0

and the fact that —bp(®])?*~2 is relatively —A,-compact.

Below we count n(L*7).

. = E+1, v>0 . _ )
_ R ) _ N-—1
Proposition 3.11. Let p > —1, then n(L™) > { N—k v<0 with k = 0,...,[—2 } Moreover, if
additionally
= k+2, v>0
_ R > ) .
(a)0<b<p—1, then n(L )_{ Nek4l, v<0
= k+1, v>0
— R = ’
(b)b > p—1, then n(L") {N—k:,fy<0.

To prove the above proposition, we suppose that A € ap(f/R) and (hq, hs) is the corresponding eigenvector.
Then denoting hy = hy + he and h_ = hy — hga, we get

LEhy = Mhy y a2
_ , LR=—— - (2p—-1D(b+1)(d))%P2,
{ [Rho=an. T T da? B D) (3.13)
- d? B - -
Lt = o +w—(2p—b—1)(#)*"% dom(LY) = dom(L?) = dom(4,).
From (3.13) we conclude
. Lt 0
(h1,h2) € ker(L") <= (hy,h_) € ker 0 iR (3.14)
and
n(L%) = n(LY) + n(LH). (3.15)

Thus, it is sufficient to study the kernel and the Morse index of the operators if and LE.

Lemma 3.12. Let p > —1 and the operator Iif be defined by (3.13), then ker(if) = {0} and

. E+1, v>0
L = k=0, [%1]
N—-Fk, v<0

The proof follows from [3, Proposition 6.1] and [26, Theorem 3.1]. Next we evaluate n(L*?). To do that

N
we will use the ideas from [34]. Denote ¥, = (wllj) L, k=0,..., [%], where

1 () = [psech2((p71)xiak>}2p%2’ FI
J {pseCh2<<p_1)x+“’“)}2p%27 j=k+1,...,N, (3.16)
2

. _ -1 Y Y
with a; = tanh ((N— Qk)\/oj> , and w > 7(]\7_ )
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We introduce the self-adjoint operator

= d? B -
L.= oz tl- (w2, dom(L.) = dom(A%), (3.17)
and prove the following technical lemma.
Lemma 3.13. Let the operator L. be defined by (3.17). Set
LAD) = {() € LX(D) s va() = -+ = vy(a),  vpsa(@) = - = o ()}

Then the following assertions hold.

(i) Fore < 1 the operator L. is positive definite.
(i1) Let 1 < e < 2p — 1, then the operator L. is invertible and

(a) for k=0 in L*(I') we get n(L:) =1 as vy >0, and n(L.) > 1 as vy < 0;
(b) fork>1in L2(I") we get n(L.) =1 asy <0, and n(L.) > 1 as v > 0.

Proof. Let ¢ = 1, then it is easily seen that ker(L;) = span{ ¥} and L; > 0. Then assertion (i) is trivial
observing that for € < 1 one gets L.> L.

Notice that oess(Le) = [1,00), and for € > 1 we get
(L9, 90)a = —(= = D) ][5 < 0,

then the first eigenvalue of L. is negative. In particular, by Min—-Max theorem, the discrete spectrum of L.
moves to the left when ¢ increases. Let ¢ = 2p — 1, then by [7, Proposition 4] and [6, Proposition 3.17], we
get:

en(Ly, 1) =1for k=0,7>0in L*(I') and for k > 1,y < 0 in L3(T).

en(Ly, 1) =2for k=0,7<0and for k>1,v>0in L3(I).

Using analyticity of the family L., we conclude (a) and (b) for 1 <e < 2p—1. O

Lemma 3.14. Let the operator LT be defined by (3.13). Then the following assertions hold.

(i) Forb > p—1 the operator L is positive definite.

(i1) Let 0 < b < p— 1, then the operator L™ is invertible and
(a) for k=0 in L*(I") we get n(L%) =1 as vy > 0, and n(L%) > 1 as v < 0;
(b) fork>1in L2(I") we get n(LT) =1 asy <0, and n(L?) > 1 as vy > 0.

Proof. Pute = 2pb_+1fb7then1<5<2p—1f0r0<b<p—1and5<1f0rb>p—1. Let A € 0,(L%) and

f(x) € dom(A,) be the corresponding eigenvector: L f = \f. Define h(x) = f(%), then h(z) € dom(A\%)
and L.h = %h ([l

Proof of Proposition 3.11. The first assertion follows from formula (3.15) and Lemma 3.12. Assertions
(a), (b) follow from Lemma 3.14. O

Proof of Theorem 3.7. As in the proof of Theorem 3.5, we can show that there exist A > 0 and
(w1, ws) € dom(A,) x dom(A,) such that

0 L! w1 w1
()2 (0)
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As before, we rely on [21, Theorem 1.2] which states that the number I(L%, L) of positive A satisfying
(3.18) is estimated by

n(PL®) —n(P(L")™') < I(LR, L), (3.19)
where P is the orthogonal projection onto
ker(f/I)J‘ = {('Ul,’l)z) e L2(F) X LQ(F) : ((’Ul,’Ug), (@,Z,O))2 = ((1)1,’()2), (0, @,Z))Z = 0}

(here we assume that L?(I") is endowed with the usual complex inner product). Using positivity of L' and

the estimates of n(Lf) from Proposition 3.11, formula (3.19) yields:

- = k—1, >0
. R FI J
o for b > —1: I(L ’L)Z{N—k—Q, v <0

=p = k, ~v>0
_ 1. R I )
e forO<b<p—1: I(L* L") > Nek—1, ~<o.

As in the previous subsection, the orbital instability part follows from the fact that the nonlinearity
F,(u,v) = (|u|2p_2u + bl [ulP P, [u)P e + b|u|p|v|p_2v) is of C? class for p > 3. O

Proof of Theorem 3.8. Our aim is to use [23, Stability Theorem and Instability Theorem|. Ob-
serve that [23, Assumption 2] follows by the Implicit Function Theorem. Indeed, consider the mapping
F((w1,w2), (u,v)) : RE x Xg = X§, where F((wi,ws), (u,v)) = S, ,,(u,v), and Xg is the Banach space
consisting of real-valued functions from X. Observe that ker(S!, (27, ¢)) = span{(0,0)} in Xg since in X
we have ker (S]] (9, ¢7)) = span{(i®],i®])}. Notice also that S/ (&g, ¢) satisfies [45, Condition (G)].
Indeed, for ¥ = (vi,v2) € X

(553, )8 Do = [ {1l 41057 + o(joal? + uaf?) o
r
— [ nag (ol + al”) + (2o - 24 00— 2)(2377 2 ((Rew)? + (Rews)?)
r
= 2bp [ (82 Rewr Revads = (Jon () + a0
r

2
> min{ g, o}l — ((1+6)(@2p — )M+ 2LV Jal3, M = |95

Thus, by [45, Lemma 5.4], we conclude oess(R™1SY (9], 8])) = Oess(L) = [w,00) since L = LE+iL! and
Oess (L) = 0ogs(LT) = [w, 00), where R : X — X* is the Riesz isomorphism. Hence Sy (94, 99) : X — X
is invertible and bounded. Then, by the Implicit Function Theorem, there is an open neighborhood {2 of
(w,w) and a unique function (@1 (w1,ws), P2(w1,w2)) : £ — Xg such that S, , (P1(w1,ws), Pa(wr,w2)) =
S, (8, 83) = 0.

Next, let us check that [23, Assumption 3] holds. By (3.14), (3.15), Lemmas 3.12 and 3.14, we conclude
that ker(L®) = {0} for b # p — 1, and n(L®) < oo, then, by (3.11) and [45, Lemma 5.4], we obtain
ker(R=1S! (8], 7)) = ker(L) = span{i(®g,0),(0, #7)} and n(R™1S) ,(¥g, &3)) = n(LT) < 0.

Let d”(w) be the Hessian of Su,; w, (P1(wi,w2), P2(wi,w2)) at (w,w). It is easily seen that

1 < Oy || D1 (w1, w2)]

2 2
d”(w) _ = 2 aW2||¢1(W17(“}2)||2 ‘ .
O || P2 (w1, wo)| (w1,w2)=(w,w)

2 5 Ol P2(wr, w213
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Denote by p(d’(w)) the number of positive eigenvalues of d”(w). By [23, Stability Theorem and Instability
Theorem]|, we conclude:

e if n(L) = p(d”(w)), then ™! (B], #]) is orbitally stable;

e if n(L) — p(d”(w)) is odd, then e™*(B], #]) is spectrally unstable.
Step 1. Note that 0| Pi(wi,wo)ll3 = [p Diwi,w2)dy,; ; @i(wi,wa)dr, 4,j = 1,2. Differentiating
Sl (@1 (w1,w2), Po(wr,ws)) with respect to wi, using the chain rule, and denoting (hy,hs) =

w,w

(8W1 P, 8W1 ¢2)|(w1,w2):(u},w)a we obtain for v € Hl(F)
/F{h’ﬁ' + whiT — (2p — 1+ b) ()P~ 2hyv — bp(qsg)P*?hQ@}dx —~vh11(0)71(0) = — /F ®Jvdx
/F {hg@' + whaT — (2p — 1+ b(p — 1))(8]) %~ 2hyT — bp(¢g)p_2h15}dx — 1 (0)T, (0) = 0.

Analogous system can be obtained when differentiating with wy. Then setting hy = h1+he and h— = hy —ha,
we have

{ ti(hy,v) = —(4537”)2’ (3.20)

t—(h—7v) = —(@8/71))27
where t; and t_ are bilinear forms associated with the operators flf and L defined by (3.13). Hence

d”(w) _ 1 ( (¢g7h+ +h7)2 (@g7h+ _h*)Q ) .

(3.21)
4 (ngh-‘r_h’—)Q (Q(’)Yah++h—)2

Y h 2 7 h ]
Observe that det(d”(w)) = w and trace(d”(w)) = M

Step 2. Below we will prove:

a) if b> —1, then (&), hy)2 >0 for 2<p <3, and (9], hi)2 <0 for p > 3;

b) if b>p—1, then (&],h_)2 <0, and if 0 < b < p—1, then (], h_)2 > 0.

Firstly, we prove a). Since @] satisfies (3.9) and v € H(I') in (3.20) is arbitrary, we conclude that
hy =0,9]. Then (9], hy)2 = (P7,0,9])2 = 30u,(P], D). Moreover, using (3.16), we have

[ = ()" [ wprm

w(—p)/(2p-2)

W/(WJ)Z(x)dx,

_ (5—-3p)/(2p—2)
YO (B3—p) w 7\2
aw(@Oa QU )2 - (2p_2) (b‘i’l)l/(pil) /F(!po) (x)dx

which is positive for 2 < p < 3 and negative for p > 3. This proves a).
Secondly, we prove b) for b > p — 1. Notice that the second line of (3.20) is equivalent to

/F {h’_ (2)7(z) + wh_(2)5(z) — M(wg(\/ax))””h_(z)@(x)}dx

and then

bt 1 52
1/2(p—1) -
— vh_ 1 ( < > /F vy (vVwz)v(z)dx
Denoting f(v/wz) = v(z), s(y/wx) = h_(z), from (3.22) we get
o +y_ 2p=b—1) 2p-2 % Y oy F
S @) +sw)fy) - (75 w)™ “sW)f(y) pdy — —=5(0)F,(0)
/F{ b+ 1 0 } Vw ' (3.23)

w(—2p)/(2p—2) -
e [ BT
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Moreover,

[ @i = 2 [y wway = — [ swwea,

then (h_, @])2 and (s, 7))z have the same sign. Observe that (3.23) can be rewritten as t.(s, f) =
—C(w)(¥y, f)2, where t. is the bilinear form associated with self-adjoint operator L. given by (3.17)
(for ¢ = 2pb_f1 L) and C(w) = % Set f = s, then by Lemma 3.13(i), we conclude that
0<t(s,s) =—Cw)(¥,s)s for b>p—1.

Thirdly, we prove b) for 0 < b < p — 1. Notice that from (3.23), by the Representation Theorem [27,
Chapter VI, Theorem 2.1], we conclude

s € dom(L.), L.s=—-C(w)¥y. (3.24)

Since L. is invertible for 1 < & = 2”1;:’1_1 < 2p — 1 (or equivalently for 0 < b < p — 1) and holomorphic in ¢,

then the solution s = s(¢) of (3.24) is smooth in e. Differentiating t.(s(e), -) with e, from (3.24) we obtain

t-(0:5(2), f) = (s(e)(¥)*P 72, f) -

Let f = s(e), then again, by (3.24),

0 </ |s(e (2))%2dx = t.(0:s(¢), 5(c)) = ((955(6),Z58(6))2
)(8 s(e ) 0) C(w)ag(s(a), Wg)Q.

Hence (s(e), ¥ )2 is decreasing.
It is easily seen that v(w,z) = w'/P=2) ¥ (\/wr) satisfies

— A v(w, ) + wu(w, z) — v(w, )1 = 0.
Further, from the above one concludes that u(z) = 0,v(w, z)|,=1 is the solution to

u(z) = =¥ (z).

2p—2

—Aju(@) + u() — (2p — 1) (75 (2)

Observe that 9,v(w,x) € dom(A,). Indeed, define

A

1
8u(8) = 5 {1013 = 211 O + wll 01} — -l

then S/ (v(w,z)) = 0 and therefore <S’;’(v(w,x))8wv(w,x),g> =0, g € HY(I'), which yields
(Hl)*><H1

/F (Duv(w, 2))G(@)dz — D01 (w,0)7, (0)
_ /P {—wawv(w,x)ﬁ(m) n (&Jv(w,m) +(2p—2) Re(awv(w,x)))w(wg(\/ax))%*g(x)}dx.

By the Representation Theorem, d,,v(w,x) € dom(A,).
It is easily seen that 0,v(w, x)|u,=1C(w) = s(2p—1), where s(2p—1) is the solution to (3.24) for e = 2p—1.
By the continuity of the scalar product, we conclude

1
(s(2p = 1), #7), = (Ouv(w, 2) =1 C(w), 77), = C(w) 500 [[v(w, 2) [*lo=r
1
_ - (3=p)/(2p—2)
= QC(w)aw (w /

(Wg)de)’ >0 for p<3.
r

w=1
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Finally, since (s(g), ¥ )2 is decreasing on the interval (1,2p — 1), we get (s(g), %) )2 > 0 for £ € (1,2p — 1).

Step 3. Let v > 0,k = 0. By (3.15), Lemmas 3.12 and 3.14, we have n(L*) =1 for b > p—1, and n(L?) = 2
forO<b<p—1.

Let 2 < p < 3, then, by Step 2 and (3.21), we conclude that p(d”’(w)) =1 for b > p—1, and p(d”’(w)) = 2
for0<b<p—1.Let p>3and b>p—1, then p(d’(w)) =0.

Finally, for 2 < p < 3 and b # p — 1, we get n(L) = p(d”(w)), therefore, e*(&], #]) is orbitally stable.
For p > 3 and b > p — 1, we obtain n(L) — p(d”’(w)) = 1, then, by [23, Theorem 5.1], there exists positive
A satisfying (3.18), and orbital instability follows by C? regularity of the data-solution mapping associated
with (3.8). O

3.8. Stability of the standing wave generated by 2D rotation

Observe that for p = 2 and b = 1, in addition to the symmetry Ty(6p)(u,v) = €% (u,v), 0y € R, system
(3.8) is also invariant under 2D rotation T4 (6;):

(u(tw)) 101 costy sinby (u(t,w))7 0, c R.
u(t, ) —sinf; cosé; v(t, )
Below we study orbital stability of the standing wave related to both of these symmetries:

¢
(U(t,.’L'),’l}(t7$)) = TO(WOt)Tl(wlt) l(m) ) wo, w1 € R+~
@2(1’)
0 1
-1 0
(D1, P2) = Py () - (v1,02), Where (vi,v2) = (ﬁ, %) is the unit eigenvector of 77 (0) corresponding

It is easily seen that 77(0) = . Assume that the profile of the standing wave has the form

to the eigenvalue 1. Then the profile @, ., () satisfies the stationary equation
— AP+ (wo—w) D — |D)* P = 0. (3.25)

The description of solutions is given by (3.10) (with w substituted by wg — w1). Below we will prove the
following theorem.

Theorem 3.15. Let wy — wy > ;—22 and @] be defined by (3.10), then for k =0, > 0 the standing wave

i) /V2
TO (w()t)Tl (wlt) ( ‘Pf//\/ﬁ

odd, then To(wot)T1 (wit)(

) is orbitally stable. Moreover, if either v > 0 and k is odd, orv < 0 and N —k —1 is
i) /V2

45,:/\/5) is spectrally unstable.

In the above theorem the stability is understood in the sense of the U(1)-symmetry. This is related to
the fact that the proof uses [23, Stability Theorem and Instability Theorem| where the stability /instability
results are stated for a centralizer subgroup.

Conserved functional generated by T7(0) is given by

Q1(u,v) = Im/ uvdz,
r

id]/V2

and the standing wave Tp(wot)T7 (w1t) ( &2
k

) is a critical point of the functional

Sugson (00) = 5 {B(u,) + o3 + [01)} + 1@ (1, 0).
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As in the previous subsections, we associate with the bilinear form

2 ’Y =
<SL’4§0 wy (\2, f) (h1,h2), (21,22)>X . the self-adjoint in L?*(I') x L2(I') operator L. Let h; =
*X

hf—&—ih; ,j = 1,2. Substituting complex-valued vector function h= (h1, he) by the corresponding quadruplet
of real-valued functions (h®, h! hE hl) and Lh = (f,9) = (& + if!,g® + ig!) by the quadruplet
(f®, f1, g%, g'), we can express the action of L as

e Ly, — (97)? 0 0 w1 hit
ol 0 Loy 28R o (62 0 n -
o 0 —wi = ())? Ly —2(F))? 0 | '
g’ wy 0 0 Ly, — (97)? hi
where L,, = —A, 4+ wo with dom(L,,,) = dom(A,). Below we characterize the spectral properties of the
operator L.

Lemma 3.16. Let wyg — wy > ]"\*,—22 and D, .., be the solution to (3.25) given by (3.10) (with w substituted
by wo — w1 ). Let also operator L be defined by (3.26). Then the following assertions hold:
(i) ker(L) = span{(®;, —i®])};

N my | k+1L,y>0
ORIES S

(1) Oess(L) > 0.

Proof. Observe that (L — )\)H = (f, g) is equivalent to
(Lug +w1 = ()% = N)(hi + hg) = [ + g
(Luy —w1 = ()% = N)(hit — hi) = fF —g'
(Luy — w1 = 3(20)? = N)(hi + hi’) = f + g"
(Lug +wi = (20)* = N)(h] — hf’) = f1 — g
By [3, Proposition 6.1], the operator L, —wi — (&} )? is nonnegative and ker(L,,, —wi — (9} )?) = span{ &; }.

Moreover, ker (L, —w1 —3(®])?) = {0} and, by [26, Theorem 3.1], n(Le,, —w1 —3(®})?) = ]]\€[+ 1k iyy><% .

(3.27)

Observing that operator L, +w; — (@] )? is positive definite, we arrive at (i), (i7).
Finally, noticing that for A € RT \ [wg — w1, c0) all the operators on the left side of (3.27) are invertible,
we conclude that A € p(L) (since L — X is bijective), and therefore (i7i) follows. [

BT Y
Proof of Theorem 3.15. Without abuse of notation, we will write 5[ , instead of ST (%, %).
Observe that Sy, satisfies [45, Condition (G)]. Indeed, for ¥ = (v1,v2) € X

. 2 2 2 2
(Sl P = [ {1+ 105 + w0l + )
- / {(@3)2(\v1|2 + [v2]* + (Rew1)? + (Rews)? + 2 Re vy Imvl) }d:z
r
o, Im/ o5z~ (Jon O + o (0))
r
1 2 2, 29 112
> min{ 5o} 71 — (3342 + 225+ ) 3.
where M = || & |- Thus, by [45, Lemma 5.4] and Lemma 3.16, we conclude
Oess(RTIS! ) = Oess(L) >0, ker(R™'S! ) =span{(®],—i &)},

wo,w1 wo,w1

(RS ) =n(L).

wo,w1
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Since the centralizer subgroup of the group {To(09)T1(01) : 6o, 61 € R} coincides with Gg,9, = {To(0) :
0 € R}, then according to [23, Stability Theorem and Instability Theorem], we can analyze stability only
in context of the U(1)-symmetry. It is easily seen that Assumptions 1-8 of [23] are satisfied (in particular,
Assumption 3 is satisfied due to Lemma 3.16).

Let d’(wp — wi) be the reduced Hessian of S, (

Instability Theorem], we conclude:
o if n(f,) = p(d" (wy — w1)), then To(wet)T1(wit) (z

1\2, ?}) Thus, by [23, Stability Theorem and

-
;:Zk //:g) is orbitally stable;

. s
o if n(L)—p(d"(wo—w1)) is odd, then Ty (wot) Ty (wlt)( ;5//\/\/55
k

5], we conclude d”(wo —w1) = 30, || 9} ||3 > 0. Finally, applying Lemma 3.16(it), we arrive at the result. O

) is spectrally unstable. Using [7, Proposition

Appendix

In this Appendix we recall some basic properties of symmetric rearrangements of a measurable function
w: I — CN. Set

pu(s) =z €I :|u(z)] > s} and Ay (t) =sup{s : uu(s) > Nt}.

Here {x € I' : |u(x)| > s} = Uévzl{x € I, : |ue(z)| > s}, and all sets in the union are disjoint. The symmetric
rearrangement u* of u is defined by u* = (uZ)éV:l with uf = A, for all e = 1,..., N. Basic properties of
symmetric rearrangements are listed in the next proposition.

Proposition A.17. Let u,v € HY(I'). Then the following assertions hold.
(i) The symmetric rearrangement u* is positive and nonincreasing. Moreover, u and u* are equimeasurable,
that is, for every s >0

{lul > s} = [{u* > s} (A.28)

(i) u* € H'(I), |lull, = u*]l, for all 1 <p < oo, and

Jwy < 5 Il (A29)

(#i1) If u,v are nonnegative, then
(u,v)2 < (u*,v")a.

Proof. The proof of statements (i) and (i¢) is contained in [3, Proposition A.1, Theorem 6]. It follows from
the Layer cake representation theorem [30, Theorem 1.13] and (A.28) that

/F dx—Z/ e (x)ve (2 dm—Z/ (/ X{ue>t}(x)dt/oooX{ve>s}(w)d5>dw
=Z/ / |{uezs}m{vezt}|dsdt=/0 / {2 s} 0 {o > 1} dsdt
<[] min ez szl dsie= [T [ i (i 2 51510 > ) dsde

:/OOO /OOO|{U* > 5} fo* > 1) dsdtz/Fu*(x)v*(x)dx.

Hence (4i7) holds. O
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